In a gedanken experiment, we use quantum interference to violate, in some sense, the rule that charges of equal sign always repel each other. By considering two electrons that propagate parallel to each other in a Mach-Zehnder interferometer, we show that the quantum superposition of the electrostatic repulsion when the electrons propagate in the same path with the absence of interaction when they propagate in opposite paths may result in an effective attraction between them, when we post-select by which port each electron leaves the interferometer.
In a gedanken experiment, we use quantum interference to violate, in some sense, the rule that charges of equal sign always repel each other. By considering two electrons that propagate parallel to each other in a Mach-Zehnder interferometer, we show that the quantum superposition of the electrostatic repulsion when the electrons propagate in the same path with the absence of interaction when they propagate in opposite paths may result in an effective attraction between them, when we post-select by which port each electron leaves the interferometer. Electric charges of equal sign repel each other, while charges of opposite sign suffer an attraction. This sentence represents a fundamental principle not only for the scientific community, but is well known by the general public as well. It is hard to imagine that such principle could be violated. But here we show that this principle may be contradicted by a quantum interference phenomenon with post-selection.
Quantum interference may result in many nonintuitive phenomena such as interferometry with massive particles [1] [2] [3] , quantum delayed choice experiments [4] [5] [6] , quantum erasers [7] [8] [9] [10] , "interaction-free" measurements [11] [12] [13] or the Hong-Ou-Mandel effect [14] [15] [16] .
Here we discuss a novel example of the counter-intuitive characteristics of quantum interference in a gedanken experiment inspired on a recent work by Aharonov et al. [17] and following the discussions of an earlier paper from our group [18] . In Ref. [17] the authors discuss the classical limit of the radiation pressure and the difference in interpretation arising from classical and quantum descriptions, by treating one of the mirrors of an interferometer quantum mechanically. The authors have shown how it is possible for the quantum combination of two possibilities, one in which light pushes a mirror outwards and other that leaves it still, to result in a inward pull in the mirror. Our previous paper generalizes this result by considering anomalous shifts in momentum associated with general quantum objects, and proposes feasible ways of testing the effect in the laboratory outside the weak interaction regime [18] . With this we have introduced the concept of the 'quantum interference of force' effect and its close relation to the wave-particle duality.
Here we describe a gedanken experiment based on the quantum interference of force phenomenon [18] , by considering two electrons that propagate parallel to each other in a Mach-Zehnder interferometer and postselecting the interferometer port where each electron exits. We show that the quantum superposition of the situations where the electrons propagate in the same in- * saldanha@fisica.ufmg.br terferometer arm, repelling each other, with the situations where they propagate in opposite arms, with no interaction, may result in an effective attraction between them. This effective electrostatic attraction between the electrons is manifested on the momentum distribution of each electron, that change its mean value in the direction of the other electron with the propagation through the interferometer.
In the proposed gedanken experiment we consider a two-paths Mach-Zehnder interferometer with two electrons e 1 and e 2 sent at the same time through the apparatus, as depicted in Fig. 1 . The electrons can be distinguished from one another by the z component of their position, with their separation d being much larger than the width of their wave functions. Apart from this displacement, the states of the electrons are essentially the same. Both paths are considered to be free from any external influence and isolated from each other so that only the electromagnetic interactions between electrons taking the same path are allowed to take place. We associate the orthogonal state vectors |A i and |B i with the distinguishable paths of propagation possible for the electrons during their travel through the system, and the vectors |C i and |D i with the possible exit ports of the Mach-Zehnder interferometer, matching the labeling given by Fig.1 . The reflection and transmission coefficients for each beam-splitter BS 1 and BS 2 are the same, denoted by ir, and t = √ 1 − r 2 , with r and t real. The initial quantum state of the z component of the electrons momentum will be denoted by |Φ i , with i = {1, 2}.
We consider a post-selection of the totality of events where electron e 1 exits the interferometer by D 1 and e 2 exits by C 2 , as indicated in Fig. 1 . By considering this post-selection choice, the final joint state of the system that consists of the two electrons will be a coherent sum over the amplitudes associated with all the possible ways for this system to have evolved in time towards this final state. There are in total four possibilities of evolution for the described system: two where the electrons take different paths inside the interferometer and therefore do not interact, and two where they do travel by the same path and an electric interaction between them exists during some time interval. In the first two cases where the elec-arXiv:1808.07082v2 [quant-ph] 29 Aug 2018 propagating in the interferometer. The distance d between the electrons paths is considered to be much larger than the width of their wave function, such that the electrons can be labeled as e1 and e2 due to their spatial distinguishability. If the electrons propagate in the same arm they repel each other, while if they propagate in opposite arms their interaction is negligible. We will post-select the events where electron e1 exits by D1 and electron e2 exits by C2.
trons don't interact, the state of the system will evolve as:
• e 1 goes through path A 1 and e 2 goes through B 2 :
• e 1 goes through path B 1 and e 2 goes through A 2 :
where the vector states associated to each electron individually are labeled accordingly, and φ represents an extra phase for an electron propagation through path A i in relation to a propagation through path B i . In turn, considering that the interaction between the electrons will change their momentum states, the quantum state associated with the last two possibilities of evolution where the electrons take the same path and therefore interact will evolve as:
• e 1 goes through path A 1 and e 2 goes through A 2 :
• e 1 goes through path B 1 and e 2 goes through B 2 :
where we have taken the vectors |Φ ∓ i to represent the electrons momentum states that were disturbed by their electromagnetic interaction, and α represents a phase gained due to the interaction. Considering the combination of these four probability amplitudes, the postselected electrons momentum state is
To closely analyze these results, we shall specify the initial wave functions for the z component of the electrons momentum Φ i (p) = p|Φ i as Gaussian distributions with width W centered in zero:
where the origin of the z axis for each electron was defined at the corresponding center of its position wave function.
If the electrons separation is much larger than the width of their wave functions and if this width does not change appreciably during the electrons time travel along the interferometer, the electrons interaction results in shifts δ on their momentum wave functions without altering their Gaussian forms [19] . The exact magnitude of δ will depend on the electrons separation d and on the interaction time. In this case the wave functions for the z component of the electrons momentum altered by the interaction become
which correspond to momentum shifts of ∓δ in the wave functions. We note that electron e 1 gains a negative momentum while electron e 2 gains a positive momentum of the same amplitude. It is possible to analyze the quantum states associated to each of the electrons separately by taking the partial traces over the post-selected state of Eq. (5) . In this way, the state ρ 1 associated to electron e 1 is
apart from a normalization factor, with
In the same manner, the state ρ 2 associated to the electron e 2 is
apart from a normalization factor.
Both states ρ 1 , from Eq. (9), and ρ 2 , from Eq. (11), which were derived from the entangled pure state of Eq. (5), represent mixed states for the electrons e 1 and e 2 individually. We are able to obtain the probability distributions for the electrons momenta as P 1 (p) = Tr(ρ 1 |p p|) and P 2 (p) = Tr(ρ 2 |p p|), obtaining (7) and (8), for δ = 0.3W . (c) Momentum distributions corresponding to the quantum superposition of the two situations, given by Eqs. (12) and (13) with the parameters δ = 0.3W , φ = 3π/4 and e iα = 1. We see that the quantum superposition of an electrostatic repulsion between the electrons with no interaction may result in an effective attraction between them.
apart from normalization factors. Both probability distributions have the same form except for a sign change in δ. Fig.2 displays the counter-intuitive result that we want to emphasize in our paper. Fig. 2(a) shows the initial distributions of the z component of the electrons momenta, given by the modulus squared of the momentum wave function of Eq. (6). Fig. 2(b) shows the momentum distributions for the situations where the electrons propagate through the same path in the interferometer, given by the modulus squared of the momentum wave functions of Eqs. (7) and (8) with δ = 0.3W . The momentum distribution for electron e 1 is displaced for negative values and the distribution for electron e 2 is displaced for positive values, evidencing the repulsive character of the in- teraction. Fig. 2(c) shows the momentum distributions predicted by Eqs. (12) and (13) with the parameters δ = 0.3W , φ = 3π/4 and e iα = 1. The momentum distribution for electron e 1 is displaced for positive values and the distribution for electron e 2 is displaced for negative values, a result that indicates an effective attractive interaction during their propagation through the interferometer.
The strange behavior of an effective electrostatic attraction between electrons in the interferometer is the result of a quantum interference effect. In Fig. 3 we plot the terms of Eq. (12) that result in the post-selected momentum distribution for electron e 1 with the same parameters δ = 0.3W , φ = 3π/4 and e iα = 1. We note that the term T b (p) ≡ 2I cos(φ) cos(α)Φ 1 (p)Φ 1 (p + δ) is the one responsible for the shift to a positive mean value of momentum, since it subtracts more from the term T a (p) ≡ Φ 2 1 (p) + cos 2 (φ)Φ 2 1 (p + δ) for negative values of p than for positive values of p, resulting in a positive average momentum for the distribution P 1 (p). The term T b (p) is the one that comes from the crossed terms, being the result of the interference between the situation where the electrons repel each other with the situation with no interaction.
The expectation value of the momentum of the electron 1 leaving the interferometer at the post-selection condition is
with P 1 (p) given by Eq. (12) with e iα = 1. It is straightforward to show that p 2 ps = − p 1 ps . The anomalous behavior of an effective attraction between the electrons depicted in Fig. 2 happens for many values of the interferometer parameters. In Fig. 4 we plot the value of p 1 ps /W as a function of the parameters δ/W and φ for e iα = 1. We note that anomalous positive values for p 1 ps /W occur in a large range of parameters. Note also that for δ > 2W the effective interaction between the electrons is always repulsive, since the displaced wave function of Eq. (7) becomes almost orthogonal to the original wave function of Eq. (6), and the interference disappears.
It is important to mention that, independently of the parameters used in the interferometer, the average interaction between the electrons is always repulsive when we consider all possible events, without post-selection. This means that if the post-selection of electron e 1 exiting by D 1 and electron e 2 exiting by C 2 results in an effective attraction between them, as in the situation depicted in Fig. 2 , the average interaction in the other situations (electron e 1 by D 1 and electron e 2 by D 2 , electron e 1 by C 1 and electron e 2 by C 2 , electron e 1 by C 1 and electron e 2 by D 2 ) is necessarily repulsive, such that the aver-age total interaction is repulsive. We demonstrate this behavior in the Appendix, showing the validity of the Ehrenfest theorem in this situation, which is a way to say that the average momentum is conserved when one does not post-select the results.
To conclude, we have shown that the quantum superposition of the electrostatic repulsion between two electrons (when they propagate in the same arm of an interferometer) with an absence of interaction (when they propagate in opposite arms) may result in an effective electrostatic attraction between them, given the appropriate post-selection. So, in this scenario, the common sense that two charges of equal sign always repel each other is violated due to a quantum interference effect.
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Appendix: Validity of the Ehrenfest theorem
As we have mentioned, although we are able to observe the anomalous effect of attraction between two electrons in the system when the appropriate post-selection of exit ports is made, it is necessary that the average interaction between the electrons be repulsive overall. This expectation is derived from the Ehrenfest theorem, which states that the behavior of the averages of quantum observables should agree with those expected classically. Here we show how the Ehrenfest theorem applies to our interferometer.
First we note that there are in total 4 possibilities of paths for the two particles inside the apparatus, and 4 possible ways that they can leave the system at the end of the experiment, making up for a total of 16 evolution possibilities for the system. This means that a priori we have a 16 term superposition for our complete twoelectron state after they leave the apparatus. The four term superposition for the joint state just before the action of BS 2 can be written as:
where we have taken into account the existence or not of an interaction between the electrons and the appropriate phase gains due to the evolution of the system as done in our previous discussion.
The effect of BS 2 over the different terms of this state can be written as:
By plugging Eqs. (A.2) into Eq. (A.1), we reach the final joint state superposition for the electrons leaving the system:
The post-selection of exit ports made previously in our discussion meant projecting this state superposition in the vector state |D 1 |C 2 , and by doing this we get the wave function of Eq. (5) used to derive our results, as it should be.
To show that the average interaction is always repulsive when no post-selection is made, we can focus on what happens to electron e 1 . We have created a situation where electron e 1 has counter-intuitively gained positive momentum due to its interaction with electron e 2 by post-selecting the exit ports, therefore mimicking an attractive interaction. We can nevertheless show that, on average, the momentum gained by this electron when we consider the complete joint state of Eq. (A.3) is always either null or negative. This means that the expectation value of the electron e 1 momentum without post-selection must be always null or negative, namely p 1 = p 1 CC P CC + p 1 DD P DD + p 1 CD P CD + p 1 DC P DC , (A.4)
where P jk is the probability of detecting electron e 1 at exit j and e 2 at k, and p 1 jk is the respective average momentum for this detection. This quantity can be derived by repeating the process done in Eqs. (9), (12) and (14) for each of the four exit ports possibilities, |C 1 |C 2 , |D 1 |D 2 , |C 1 |D 2 and |D 1 |C 2 . Some straightforward algebra shows us that the total average momentum gained by electron e 1 is
This perfectly agrees with our classical intuition, as the first term incorporates the probability that the electrons are either both transmitted or both reflected by BS 1 (they do not interact), and the second term considers the probability that one of the electrons is transmitted and the other is reflected at BS 1 (they do interact). So the final average momentum is simply the momentum gained when they do interact Φ − 1 |p 1 |Φ − 1 = −δ, which comes from a repulsive interaction, times the probability of interacting 2t 2 r 2 . Therefore the average interaction is repulsive, in agreement with momentum conservation and the Ehrenfest theorem.
